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A lot of sets of subjects and objects in biology, industry, management can be divided into a number of classes, each
of which corresponds to a certain distribution component. When analyzing a mixture of distributions, it is necessary to
estimate its parameters (task 1) and to assess the correspondence of empirical and theoretical distribution functions
(task 2).

To solve the first problem, numerical algorithms that implement the method of moments and the maximum likelihood
method are used. In this paper, the problem of estimating the distribution parameters is solved by minimizing the good-
ness measure by the Quasi-Newton method.

The second problem is solved by comparing the empirical and theoretical distribution functions by one or several
statistical goodness measures. Statistics of the distribution of these measures depends on the sample size, the method of
forming data and estimating distribution parameters. The paper examines the goodness measure between Frocini and
omega-square (Kramer — Mises — Smirnov). The evaluation of the statistics of the goodness measure was carried out by
the simulation method based on the results of 50000 statistical tests. In each of the tests, the distribution parameters
were estimated by minimizing the calculated value of the corresponding goodness measure. The results of simulation
modeling allow estimating the statistics of the parameters of a mixture of distributions.

The results of solving the considered problems for a mixture of two normal distributions of size 240 are pre-
sented.

Keywords: Frocini statistics, omega-square statistics, statistical tests, mixture of distributions.
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Mnuozue cogoxynnocmu cyOvbekmos u 06veKmog 8 OuoL02Ul, NPOMbIULIEHHOCTU, YAPAGLEHUU MOICHO YCIIOBHO pa3-
oenums Ha psid KIACCO8, KANCOOMY U3 KOMOPHIX COOMBENMCMEYEN ONpedesieHHas KOMNOHEHMA CMeCU PACpeOeieHuUs..
Ipu ananuze cmecu pacnpedenenuil HeobX00uMa oyeHKa ee napamempos (3aoada 1) u oyemka coomeemcmesus IMnu-
PpUMecKou u meopemuyeckol yHKyull pacnpedeieHus (3a0aya 2).

s pewienus nepgoil 3a0auu 06bIYHO NPUMEHSAIONM YUCTIEHHbIE AI2OPUMMbL, Pedau3yiouue Memood MOMEHMO8 U Me-
MO0 MAKCUMAIbHO20 Npagoonoododus. B pabome 3adaua oyenxu napamempoé pacnpedenenus peulaemcs MUHUMU3A-
yueti Kpumepusi co21acusi K8A3uHbIOMOHOBCKUM MEMOOOM.

Bmopas 3a0aua pewaemcs cpagnenuem smnupuieckou u meopemuyeckol QyHKyul pacnpeoeienus 0OHUM Ul He-
CKOIbKUMU CMAMUCMUYECKUMU Kpumepusmu co2nacus. Cmamucmuxa pacnpeoeiierusi Jmux Kpumepues 3a6ucuim om
obvema eblOOPKU, CNOCOOA POPMUPOBAHUSL OAHHBIX U OYEHKU NAPAMempos pacnpedeienus. B pabome paccmampusa-
tomest kpumepuu co2nacus @poyunu u omeza-xkeadpam (Kpamepa — Muszeca — Cmupnosa). Oyenka cmamucmuru
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Kpumepues coenacus npo8ooulact Memooom UMUmMayuoHHo20 mooeauposanus no pesyromamam 50000 cmamucmuue-
CKUX ucnvlmaHuti. B kascoom u3z ucneimanuii napamempul pacnpeoenenus OYeHU8AIUC, MUHUMUAYUEU pACYemHO20
3HAYEHUsI COOMBemcmeyloueco Kpumepusi coziacus. Pesynomamvl umumayuonnozo mooeiupoeanus no360.810m
OYEHUMb CIAMUCMUKY NApAMempo8 cMecU pacnpedeneHul.

Ilpedcmaenenvl pe3yrbmamol pewieHus paccCMOMPEHHbX 3a0ad Oasl CMecU 08YX HOPMAIbHBIX pACHpedeneHull

obvemom 240.

Kniouesvie crnosa: cmamucmuka @pOL;MHM, cmamucmuka OMeza-Keadpam, cmamucmudecKkue ucnvlmdaHusl, cmecob

pacnpeoenenuil.

Introduction. One of the tasks of the initial
processing of experimental observations is the choice of
the distribution law, which adequately describes the
random variable for the observed sample. A great number
of sets of subjects and objects in biology, industry,
management can be divided into a number of classes,
each of which corresponds to a specific component of the
distribution mix. In biological populations, it is possible
to distinguish objects with average values of indicators,
objects — indicators which are higher than average (“lead-
ers”) and objects — indicators that are lower than average
(“outsiders”) [1]. The dynamics of mass transfer
processes of chemical technology depends on the size
distribution of the raw materials, which is also determined
by a mixture of distributions [2—4].

When analyzing a mixture of distributions, it is
necessary to estimate its parameters (task 1) and to
evaluate the compliance of empirical and theoretical
distribution functions (task 2).

To solve the first problem, usually numerical
algorithms are used that implement the method of
moments [5] and the maximum likelihood method [6-8].
The peculiarity of this problem solution by the maximum
likelihood method for a mixture of distributions is the
presence of several local extrema. In this paper, the
problem of estimating the distribution parameters is
solved by minimizing the agreement criterion by Quasi-
Newton methods in MathCad [9] and MATLAB [10]
environments.

The second problem is solved by comparing the
empirical and theoretical distribution functions by one or
several statistical criteria of agreement [5; 11]. Statistics
of the distribution of these criteria depends on the sample
size, the method of forming data and estimating
distribution parameters [12]. The paper examines the
criteria of consent Frocini [13; 14]

and omega square (Kramer — Mises — Smirnov) [15; 16]

jZ

where Xv — variational series of random variable JX;
n — sample size; i — number of the element of the variation
series; a — distribution parameters; F(Xv;, a) — the value
of the integral distribution function for the element of
a variational series Xv;.

The probability density function for a mixture
of distributions consisting of K components has the form:
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where x — random value; a, p— distribution parameters;
w,;— the proportion of the j-th component in the mixture.

For a mixture of normal distributions, the probability
density of the j-th component is determined by the
expression

1
f(xa)=———ex
J J a,- '

where a;, a;, — estimates of expected value and standard
deviation.

The computer approach developed in the works
of B. Yu. Lemeshko makes it possible to evaluate the
statistics of the compliance criteria when testing various
complex hypotheses [10; 16].

When conducting statistical tests, it is necessary to
take into account the repetition period of the generated
pseudo-random numbers. In the MathCad system, this
period for a generator of normally distributed random
variables is 784.4-10°[17]. For sample size n = 1000, this
allows to conduct 7 - 10° statistical tests. At the level of
significance a € [0.001; 0.999], the maximum error in
estimating the statistics of the criteria under consideration
does not exceed 0.0005 [14].

Results of computational experiments. The paper
discusses the application of the Frocini criteria [18] and
omega-square in estimating the distribution parameters
for the analyzed sample by minimizing the calculated
value of the corresponding criterion. In each
computational experiment for evaluating the statistics of
the compliance criteria, 50000 statistical tests were
conducted.

In fig. 1 the experimental errors in determining the
hydrodynamic quality of the whip beams with a limited
buoyancy margin are shown [19] (sample size n = 240),
in fig. 2 distribution functions that approximate the
empirical data with a mixture of two normal distributions
are presented; in tab. 1, estimates of distribution
parameters obtained by minimizing the Frocini criterion
and omega-square are presented.

The maximum deviation between the integral func-
tions of the mixture of distributions, the parameters of
which are obtained by minimizing the Frocini criteria
and the omega-square is 0.001 for x —0.13, and
between the probability density functions is 0.0078
for x = 0.10.
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Fig. 1. Experimental errors in determining the hydrodynamic quality of whip beams with
a limited buoyancy margin [19]

Puc. 1. OmwuOKy SKCIIEPUMEHTOB P ONPEEICHUH THAPOANHAMHYECKOTO Ka4eCTBA XJIBICTOBBIX IIy4YKOB
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Fig. 2. Empirical and theoretical function of normal distributions mixture

Puc. 2. DOmnupudeckas ¥ TeopeTHdecKkas GYHKIUH CMECH HOPMAIBHBIX paclpeeNIeHIH

Table 1

The optimal values of the parameters of the mixture of distributions and their estimates obtained
by statistical testing (M = 5000, n = 240) by minimizing the Frocini criterion and omega-square

. Borders of 95 % Confidence Interval
Optimal value Expected value .

Parameter Median lower upper
. * —0.574 —0.569 —0.575 —0.672 —0.437
10 o -0.576 -0.574 -0.580 —0.671 —0.450
Q2 * 0.0566 0.0588 0.0556 0.0279 0.112
1 ok 0.0549 0.0545 0.0510 0.0249 0.105
. * 0.322 0.318 0.320 0.198 0.438
20 ok 0.318 0.317 0.318 0.199 0.434
a2 * 0.104 0.119 0.116 0.067 0.191
21 ok 0.103 0.118 0.116 0.068 0.188
* 0.361 0.367 0.366 0.243 0.514

i ok 0.357 0.353 0.349 0.231 0.483

*Calculations by Frocini criterion; **calculations based on the omega-square test.
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Table 2
Calculated and critical values of the Frocini and omega-square criteria for a mixture
of 2 normal distributions with a sample size of n =240
Goodness Critical value at significance level a
Calculated values
measure 0.05 0.10 0.15 0.20 0.25 0.30
Frocini § 0.0776 0.146 0.136 0.130 0.125 0.121 0.118
o 0.0785 . . . . . .
Omega-square i 0.0104 0.0348 0.0301 0.0277 0.0257 0.0241 0.0229
ga-sq - 0.0102 . . . . . .
Distribution parameters obtained by minimizing the criteria: * Frocini; **omega-square.
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Fig. 3. The results of testing the hypothesis of compliance with the empirical distribution function
and the mixture function of two normal distributions by Frocini and omega-square criteria

Puc. 3. Pe3ynbTaTsl NpOBEpPKU IMIIOTE3bI COOTBETCTBUS SMIIMPUYECKON (DyHKLUH pacnpeesieH s
U QyHKIMU CMECH ABYX HOPMaNbHBIX pacrpeneneHuit no kputepusm OporuHu 1 oMera-kBajapaT

The calculated and critical values of the Frocini and
omega-square criteria for a mixture of 2 normal
distributions with a sample size of n = 240 are presented
in tab. 2.

The visualization of the results of testing the
hypothesis of compliance with the empirical distribution
function with the mixture function of two normal
distributions according to the Frocini and omega-square
criteria is presented in fig. 3.

The simulation modeling results allow to evaluate the
statistics of the parameters of the distributions mixture. In
fig. 4-6 the results of the evaluation of the distribution of
the parameters of the first and second components of the
mixture, obtained from the results of statistical tests for
the Frocini and omega-square agreement criteria, are
presented.

Conclusion. The results of computational experiments
allow to conclude about the effectiveness of obtaining
estimates of distributions mixture parameters, minimizing

the calculated values of the goodness measures. The use
of different goodness measures allows improving the
quality of the found estimates. The differences in the
estimates of the parameters of the mixture of two normal
distributions, obtained by minimizing the Frocini and
omega-square criteria for experimental samples, did not
exceed 1 %.

Evaluation of the distribution parameters in
combination with the simulation method for evaluating
the statistics of the goodness measure allows to test the
complex hypothesis of consistency between the empirical
and theoretical distribution functions. A related result of
this task is an assessment of the statistics of the
distribution parameters and confidence intervals of their
change.

The choice of the minimum number of components of
a distributions mixture is determined by the condition of
accepting the hypothesis of compliance with the empirical
and theoretical distribution functions.
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Fig. 4. Estimates of the distribution functions of expected values and dispersions of the mixture components
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Fig. 5. Estimates of the distribution of the parameters of the first
and second components of the mixture
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Fig. 6. Estimates of the distribution of the mathematical expectation of the first and the second components
and the proportion of the first component in the mixture

Puc. 6. Onienku pacnipesiesieHus MaTeMaTHUYECKUX OXKHIaHUH MepBOH U BTOPOH KOMIIOHEHTHI
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